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ESTIMATION OF LIFE-TABLES UNDER  
RIGHT-CENSORING 

Agnieszka Rossa1 

ABSTRACT 

The paper deals with a class of non-parametric estimators of conditional 
probabilities of failure prior x+y given survival to x under the random and 
observable right-censorship model. The proposed estimators are based on a 
specific sequential sampling scheme. Application of the estimators in life-table 
analysis is presented. 
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1. Introduction 

Let T  be a non-negative random variable representing a duration time 
between two  well-defined events, i.e. an initial and a final event (the second 
event is usually called a failure). Let T  be defined on a probability space (Ω, A, 
P). The survival function of T is then defined as  

,),()( RP ∈>= xxTxF  

with 1=)(xF  for  .0≤x   
Consider a probability that the failure occurs in a time interval (x,x+y] given 

T>x. Using the actuarial notation, such a probability is usually denoted by xy q . 

Thus, we have 

).|( xTyxTqxy >+≤= P   (1) 

It can be also expressed in terms of F as 
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we receive from (2) the obvious formula  xyxy pq −= 1 . 

Thus, xy q  is a probability of failure prior x+y given survival to x, and xy p  is 

a probability of surviving beyond x+y  given survival to x (for 0≥y ). 
In many applications, especially in demographic and actuarial studies, a table 

of numerical values of xy q  and xy p  for a certain selected values of x and y are 

considered, most commonly the integers. Typically, a complete table shows 
values of xy q and xy p  for all integer values of 110 −= ω,,, x , and for y=1, 

where ω stands for a maximal possible lifetime.  In such cases probabilities xq1  

and xp1 ,  denoted hereafter by xx pq , , are organized in a table of numbers (see 

Table 1). 

Table 1. Tabular survival model 

x 
xq  xp  

0  

1  

  

1−ω  

0q  

1q  

  

1−ωq  

0p  

1p  

  

1−ωp  

From probabilities xy q and xy p  various life-table characteristics are derived, 

such as numbers of lives and failures in a cohort group, expected lifetimes, times 
of exposure etc. 

2. Two censorship models 

In many real-life situations duration times nTTT ,,, 21  for individuals 

cannot be fully observed. There can be one or more random events (other than the 
failure), occurring of which terminates the observation of some individuals. In 
such cases it is said that the observations are right-censored. For instance, very 
often it is impossible to keep a study open until all the individuals in the sample 
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have experienced the failure. Instead, a period of observation (follow-up) is 
chosen, and individuals are observed until the end of that period. If an i-th 
individual fails by the time of the analysis, then it yields a true duration time iT , 

otherwise a censoring time iZ , say, is observed, such that ii TZ < . If individuals 

enter the study at random times then the iZ 's are random variables, independent 

of the iT 's. 

Under  the random censorship model [see Efron (1967)] it is usually assumed, 
that the iT 's are iid, and independent of the iZ 's. It is also assumed that iT   is 

observed whenever ii ZT ≤ , and iZ  is observed whenever ii TZ < .  In other 

words, a pair ),( iiX δ  is observed, where 

),,min( iii ZTX =   (4) 

),( iii ZT ≤= 1δ   (5) 

and )(⋅1  denotes an indicator function, indicating whether iX  is right-censored (

0=iδ ) or not ( 1=iδ ).  

However, if censoring mechanism is only due to the termination of the 
observation period, then each iZ  represents the time elapsed from entering an i-

th subject into the study to the end of the observation period. In such cases the iZ
's are fully observed and one observes ),( ii ZX  for i=1,2,…. We will refer to 

this special type of the model (4)-(5) as  the random and observable censorship 
model. 

Throughout the rest of the paper we will assume that the duration times iT , as 

well as the censoring times iZ  are mutually independent, continuous random 

variables in the probability space (Ω, A, P) and that the iT 's have a common 

cumulative distribution function (cdf)  F, whereas the iZ 's have a common cdf G. 

These assumptions imply that variables iX  defined in (4) have a common cdf 

expressed as 

,GFH ⋅−=1  

where   ., GGFF −=−= 11  
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3. Estimation of conditional probabilities under the random 
censorship model 

Let us consider a random censored sample of a fixed size n 

).,(,),,(),,( nnXXX δδδ 2211   (6) 

Hereafter, observations ),( 1=iiX δ  will be called failures, whereas 

),( 0=iiX δ  will be called losses. Let  

01100 yxxxx JJ =<<<<= +   (7) 

be a partition of the range ],0[ 0y  of observation into J+1 intervals 

],( 1+= jjj xxI  for .,,, Jj 10=  We will consider the following statistics, 

defined for each .,,, Jj 10=  


=

=∈=
n

i
ijij IXD

1

1),,( δ1   (8) 


=

=∈=
n

i
ijij IXL

1

0),,( δ1   (9) 


=

>=
n

i
jij xXM

1

),(1   (10) 

where jD  and jL  represent numbers of failures and losses in an interval 

],( 1+jj xx , respectively, whereas jM  represents number of items at risk at the 

beginning of the interval  (i.e. numbers of individuals surviving beyond jx ). Note 

that 0=jM  implies 0=jD  and .0=jL  

Table 2. Life-Table Statistics Under Random Censorship Model 

Intervals 

],( 1+= jjj xxI  

No. of 
survivors 

jM  

No. of 
failures 

jD  

No. of 
losses 

jL  

],( 10 x  

],( 21 xx  

  

],( 1+JJ xx  

0M  

1M  

  

JM  

0D  

1D  

  

JD  

0L  

1L  

  

JL  
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The well-known estimators of the conditional probabilities 
jj xy q and 

jj xy p , 

where jjj xxy −= +1 , are usually defined by means of the statistics (8)-(10).  

For instance, the Standard Life-Table Estimators, encountered in the literature 
[e.g. Berkson and Gage (1950), Gehan (1965), Breslow and Crowley (1974), 
Daya (2005)], are defined as 

jj

j

xy LM

D
q

jj

2
1−

=ˆ    and   
jjjj xyxy qp ˆˆ −= 1   (11) 

Both 
jj xy q̂  and  

jj xy p̂ are not defined if 0=jM . In such cases it is usually 

assumed that 1=
jj xy q̂ , 0=

jj xy p̂ .  

It is also well-known that the Standard Life-Table Estimators 
jj xy q̂  are 

negatively biased, what indicates that 
jj xy p̂  are biased positively. In general, 

both estimators are asymptotically biased and not consistent [see Breslow and 
Crowley (1974)].  

Taking into account all these disadvantages mentioned above we will propose 
a new class of estimators of probabilities (2) and (3), which are unbiased and 
consistent. The proposed estimators are derived under the model of random and 
observable censorship and are based on a special type of sequential sampling.  

4. Estimation of conditional probabilities under random 
and observable censoring 

Consider the sequence of observations ),,(),,( 2211 ZXZX . Let k be a 

fixed integer ( 2≥k ) and 0y  be a fixed real value such that 

},)(:sup{ 10 0 <<< yHyy  where )(⋅H denotes a common cdf of the iX ’s.  

Suppose that individuals arrive at random into the study and the observation 
period terminates if for k individuals one observes 0yX

ji > , .,,, kj 21=  

Such a sequential sampling leads to a sample  

),(,),,(),,(
kk NN ZXZXZX 2211   (12) 

where the sample size kN  is a random variable distributed according to the 

negative binomial distribution with parameters k and )( 01 yHp −= . 

Let us consider the partition (7) of the time interval ],0[ 0y , and define the 

following statistics 
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In the special case there is kk NM =0,  and .. kM Jk =+1   

Definition. 
Under the model of random and observable censorship the life-table 

estimators of the conditional probabilities 
jj xy q  and  

jj xy p  ( Jj ,,1,0 = )  

take the form 
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and 

jjjj xkyxky qp ,,
~~ −= 1 .  (16) 

where jjj xxy −= +1 . 

Proposition. 
The estimators (15) and (16) are unbiased and consistent estimators of the 

conditional  probabilities 
jj xy q  and  

jj xy p . Their variances satisfy the following 

equivalence  
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and 
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The proof of the proposition was given by Rossa (2005), pp. 80-82. 
It follows from (17) that variances of 

jj xky q ,
~ and 

jj xky p ,
~  can be estimated by 

means of the following expression 

( ) ( ) .~~~ˆ~ˆ
,, 1

11
    

1

2

1 +
−==

++ jk

xy

jk

xyxyxy R
q

R
qpq

jjjjjjjj
VV   (18) 

5. A numerical example 

To illustrate in detail the sampling scheme and the estimators proposed, a 
hypothetical study will be considered. Assume that the subject of observation is 
the time iT  elapsed from the issuance of a life-insurance policy up to the death of 

an i-th insured person (in years), and let iZ  denote the time elapsed from the 

issuance of his/her policy up to the termination of the follow-up study.  
Due to right-censoring variables ,, 21 TT  are possibly unobserved. 

However, variables ),min( iii ZTX = , as well as censoring variables iZ  for 

,,21=i  are fully observed. 
We will assume that persons arrive at random into the study and the follow-up 

period terminates when for k=15 insured persons we observe 0yX i > . Suppose 

here that 50 =y  (years).  

Consider a partition of the range ],0[ 0y  into subintervals ],( 1+= xxI j , 

where 110 0 −= yx ,,,  . Table 3 (columns 2 and 3) contains exemplary values 

of statistics 41011 ,,,,, ,, =++ xMR xkxk  which can be observed under such a 

sampling scheme. The next three columns present estimates of the conditional 
probabilities (2) and (3) derived from the formulae (15) and (16) for 1=jy , as 

well as estimates of their variances ( )xkq ,
~V  obtained from the formula (18). 

Table 3. Estimates xx pq ,15,15
~,~ of probabilities xx pq ,  and ( )xq ,

~
15V  
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x 
115 +xR ,  115 +xM ,  xq ,

~
15  xp ,

~
15  ( )xq ,

~ˆ
15V  

0 
1 
2 
3 
4 

63 
48 
37 
28 
19 

60 
45 
34 
24 
15 

0,0484 
0,0638 
0,0833 
0,1481 
0,2222 

0,9516 
0,9362 
0,9167 
0,8519 
0,7778 

0,000805 
0,001412 
0,002434 
0,006046 
0,014163 

6. Discussion 

In the paper two classes of non-parametric estimators of  conditional  
probabilities )|( xTyxTqxy >+≤= P  and )|( xTyxTpxy >+>= P  

are proposed,  derived under the so-called random and observable censorship 
model. The proposed estimators are unbiased and consistent, as opposed to the 
well-known Standard Life-Table Estimators.  

Both classes of estimators are based on a special sequential sampling scheme. 
In this scheme  an integer  2≥k  and a positive value 0y  such that 

})(:sup{ 10 << yHyy  have to be fixed in advance, where H is a cdf of 

),min( ZTX = . Note that usually it is not difficult to choose a proper value of 

0y , even if the function H is unknown. It is sufficient to know the maximal 

possible values t and z, say, of the duration and censoring times, respectively. 
Then, for any )),min(,( zty 00 ∈  and the condition })(:sup{ 10 << yHyy  

is satisfied. 
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